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Abstract. We investigate the spectral properties of discrete one-dimensional Schrodinger 
operators whose potentials are generated by continuous sampling along the orbits of a 
minimal translation of a Cantor group. We show that for given Cantor group and minimal 
translation, there is a dense set of continuous sampling functions such that the spectrum of 
the associated operators has zero Hausdorff dimension and all spectral measures are purely 
singular continuous. The associated Lyapunov exponent is a continuous strictly positive 
function of the energy. It is possible to include a coupling constant in the model and these 
results then hold for every non-zero value of the coupling constant. 



1. Introduction 

This paper is a part of a sequence of papers devoted to the study of spectral proper- 
ties of discrete one-dimensional limit-periodic Schrodinger operators. The first paper in 
this sequence, Q, contains results in the regime of zero Lyapunov exponents, while the 
present paper investigates the regime of positive Lyapunnov exponents. Our general aim 
is to exhibit as rich a spectral picture as possible within this class of operators. In particu- 
lar, we want to show that all basic spectral types are possible and, in addition, in the case 
of singular continuous spectrum and pure point spectrum, we are interested in examples 
with positive Lyapunov exponents and examples with zero Lyapunov exponents. From this 
point of view, the present paper will, to the best of our knowledge for the first time, exhibit 
limit-periodic Schrodinger operators with purely singular continuous spectrum and posi- 
tive Lyapunov exponents (whereas [7J had the first examples of limit-periodic Schrodinger 
operators with purely singular continuous spectrum and zero Lyapunov exponents). Exam- 
ples with purely absolutely continuous spectrum have been known for a long time, dating 
back to works of Avron and Simon [2J, Chulaevsky [4 |, and Pastur and Tkachenko [i.5 , 16| 
in the 1980's. These examples (must) have zero Lyapunov exponents. Examples with pure 
point spectrum (and positive Lyapunov exponents at least at many energies in the spec- 
trum) can be found in Poschel's paper |17|; compare also the work of Chulaevsky and 
Molchanov llT3l (who have examples with zero Lyapunov exponents). In the third paper of 
this sequence we use Poschel's general theorem from |T7l to construct limit-periodic ex- 
amples with uniform pure point spectrum within our framework (actually these examples 
have uniform locahzation of eigenfunctions); see JS). 

Our study is motivated by the recent paper (T], in which Avila disproves a conjecture 
raised by Simon; see [19, Conjecture 8.7]. That is, he has shown that it is possible to 
have ergodic potentials with uniformly positive Lyapunov exponents and zero-measure 
spectrum. The examples constructed by Avila are limit-periodic. In fact, the paper (T] 
proposes a novel way of looking at limit-periodic potentials. In hindsight, this way is 
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quite natural and provides one with powerful technical tools. Consequently, we feel that a 
general study of limit-periodic Schrodinger operators may be based on this new approach 
and we have implemented this in Q [H and the present paper. We anticipate that further 
results may be obtained along these lines. 

It has been understood since the early papers on limit-periodic Schrodinger operators, 
and more generally almost periodic Schrodinger operators, that these operators belong 
naturally to the class of ergodic Schrodinger operators, where the potentials are obtained 
dynamically, that is, by iterating an ergodic map and sampling along the iterates with a real- 
valued function; see fS", "S", 14^ for general background. Indeed, taking the closure in of 
the set of translates of an almost periodic function on Z (i.e., the hull of the function), one 
obtains a compact Abelian group with a unique translation invariant probability measure 
(Haar measure). In particular, the shift on the hull is ergodic with respect to Haar measure 
and each element of the hull may be obtained by continuous sampling (using the evaluation 
at the origin, for example). 

As pointed out by Avila, it is quite natural to take this one step further That is, once 
a compact Abelian group and a minimal translation have been fixed, one is certainly not 
bound to sample along the orbits merely with functions that evaluate a sequence at one 
point. Rather, every continuous real-valued function on the group is a reasonable sampling 
function. While this is quite standard in the quasi-periodic case, we are not aware of any 
systematic use of it in the context of hmit-periodic potentials before Avila's work |[T|. 

The ability to fix the base dynamics and independently vary the sampling functions is 
very useful in constructing examples of potentials and operators that exhibit a certain de- 
sired spectral feature. This has been nicely demonstrated in |[l] and is also the guiding 
principle in our present work. As mentioned above, our main motivation is to find ex- 
amples of limit-periodic Schrodinger operators with prescribed spectral type. From this 
point of view, the singular continuity result we prove here is the main result of the paper 
However, there was additional motivation to improve the zero measure result of Avila to 
a zero Hasudorff dimension result. Recent work of Damanik and Gorodetski [9 , 10] fo- 
cused on the weakly coupled Fibonacci Hamiltonian. This is an ergodic model that is not 
(uniformly) almost periodic. Among the results obtained in iQl lTOll . there is a theorem that 
states that the Hausdorff dimension of the spectrum, as a function of the coupling constant, 
is continuous at zero. That is, as the coupling constant approaches zero, the Hausdorff 
dimension of the spectrum approaches dim/f([-2, 2]) = 1. When presenting this result, 
the authors of |9 10 1 were asked whether this is a universal feature, which holds for all 
potentials. Thus, our purpose here is to show that there are indeed limit-periodic potentials 
such that continuity at zero coupling fails in the worst way possible, that is, the Hausdorff 
dimension of the spectrum is zero for all non-zero values of the coupling constant!] 

Let us now describe the models and results in detail. We consider discrete one- 
dimensional ergodic Schrodinger operators acting in fi(Z) given by 

(1) [i/^r-AK") = 'A(n + 1) + 4'in - 1) + VJn)ifr(n) 

with 

= f(T"(aj)), 



'Our work was carried out right after the preprint leading to the publication (T) had been released. That 
version proved zero-measure and did not discuss the Hausdorff dimension issue. After we informed Avila about 
our results, we learned from him that he had added a remark to the final version of [Tj stating that a suitable 
modification of his proof of zero measure yields zero Hausdorff dimension; see jT] Remark 1.1]. 
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where to belongs to a compact space fi, T : Q — > O is a homeomorphism preserving an 
ergodic Borel probability measure yU and / : Q — > R is a continuous sampling function. It 
is often beneficial to study the operators {//"^}„en as a family, as opposed to a collection of 
individual operators, since the spectrum and the spectral type of H'^j are always //-almost 
surely independent of co due to ergodicity. Moreover, if T is in addition minimal (i.e., all 
T-orbits are dense), then both the spectrum and the absolutely continuous spectrum of 
are independent of a>. 

The Lyapunov exponent is defined as 

(2) L(£,r,/)= lim i r logllA^MII^/M^^), 

where £ E R is called the energy and is the n-step transfer matrix of ([T]l defined as 

(3) Af -^'^V) = 5„_. . . . 5„, where 5, = " ^'"^^ . 

By the Ishii-Pastur-Kotani theorem, the almost sure absolutely continuous spectrum of 
HJ^ is given by the essential closure of the set of energies where the Lyapunov exponent 
vanishes. 

Next we make the spaces and homeomorphisms of especial interest to us exphcit. 

Definition 1.1. Q is called a Cantor group if it is an infinite totally disconnected compact 
Abelian topological group. 

Definition 1.2. Let Q.be a Cantor group. For a>\ e Q., let T : Q. Q. be the translation 
by LOi, that is, T{<x>) - u\- oj. T is called minimal if{T"(oj) : n eZ] is dense in Q. for every 
wen. 

We will restrict our attention to the case where Q is a Cantor group and T is a minimal 
translation. As mentioned above, the operators H"^ have a common spectrum which we 
will denote by 

Here is our main result: 

Theorem 1.3. Suppose Q is a Cantor group and T is a minimal translation on D,. Then 
these exists a dense set T C C(f2, R) such that for every f ^ T and every X + ^, the 
following statements hold true: has zero Hausdorff dimension, H"j j has purely sin- 

gular continuous spectrum for every a; e Q, and E i— > L{E, T, Af) is a positive continuous 
function. 

The proof of this theorem is based on the constructions in fll. We make several mod- 
ifications to these constructions to better control the size of the spectrum and to ensure 
that the potentials we construct are Gordon potentials. The latter property then implies the 
absence of point spectrum, which in turn yields singular continuity since the absence of 
absolutely continuous spectrum already follows from zero measure spectrum. 

Let us state the Gordon property as a separate result. 

Definition 1.4. A bounded map V : Z ^ R /i called a Gordon potential if there exist 
positive integers qi — > oo such that 

max \V{n) - V{n ± ^,)| < 

i<«<?, 

for every ; > 1. 

Clearly, if V is a Gordon potential, so is AV for every /I 6 R. A key part in proving 
Theorem lL3l is to establish the following result; 
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Theorem 1.5. Suppose Q is a Cantor group. Then these exists a dense set T c C(Q, R) 
such that for every f & every minimal translation T : O — > O, every w € O, and every 
X + Q, Af{T"{tj)) is a Gordon potential. 

2. Preliminaries 

2.1. HausdorfF Measures and Dimensions. For our relatively restricted purposes, we 
will simply recall the definition of Hausdorff measures and HausdorfF dimension in this 
subsection. We refer the reader to I18J for more information. 

Definition 2.1. Let A c'Rbe a subset. A countable collection of intervals {b„]'^^^ is called 
a 6-cover of A if A c U)^i ^« < 6 for all n's. (Here, \ ■ \ denotes Lebesgue measure, 

and we will adopt this notation throughout the paper.) 

Definition 2.2. Let a eR. For any subset A c R, the a-dimensional Hausdorff measure of 
A is defined as 

DO 

(4) /z"(A) = lim inf V 1^,1". 

(5— >0 5-covers ^ — ' 

n=l 

The quantity h"(A) is well defined as an element of [0, oo] since inf^.^ovei-s 2,tLi l^nl" 
is monotonically increasing as 6 decreases to zero and therefore the limit in (|4]i exists. 
Restricted to the Borel sets, h^ coincides with Lebesgue measure and h^ is the counting 
measure. If o- < 0, we always have h"(A) = oo for any A ^ 9, while if o- > 1, h"(W) - 0. 

It is not hard to see that for every A c R, there is a unique a e [0,1], called the HausdorfF 
dimension dim/f(A) of A, such that h^(A) - oo for every /3 < a and h^(A) - for every 
yS > Q-. In particular, every A c R with |A| > must have dimH(A) = 1. 

2.2. Minimal Translations of Cantor Groups and Limit-Periodic Potentials. In this 
subsection we recall how the one-to-one correspondence between hulls of limit-periodic 
sequences and potential families generated by minimal translations of Cantor groups and 
continuous sampling functions exhibited by Avila in [|lj arises. 

Definition 2.3. Let S : {°°{7) ^°°(Z) be the shift operator, {SV){n) = V{n + I). A 
two-sided sequence V € ^°°(Z) is called periodic if its S -orbit is finite and it is called limit- 
periodic if it belongs to the closure of the set of periodic sequences. IfV is limit-periodic, 
the closure of its S -orbit is called the hull and denoted by hully. 

The first lemma (see [U Lemma 2.1]) shows how one can write the elements of the hull 
of a limit-periodic function in the form 

(5) VJn) = f{T"(to)), w e O, « € Z 

with a minimal translation T of a Cantor group and a sampling function / € C(Q., R): 

Lemma 2.4. Suppose V is limit-periodic. Then, Q := huUy is compact and has a unique 
topological group structure with identity V such that Z 3 k t-^ S^'V e huUy is a homomor- 
phism. Moreover, the group structure is Abelian and there exist arbitrarily small compact 
open neighborhoods ofV in hully that are finite index subgroups. 

In particular, O = hnlly is a Cantor group, T = 5 |n is a minimal translation, and every 
element of O may be written in the form ^ with the continuous function /(w) - w(0). 
The second lemma (see Qj Lemma 2.2]) addresses the converse: 
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Lemma 2.5. Suppose Q is a Cantor group, T : Q. ^ D. is a minimal translation, and 
f E C(Q, R). Then, for every cj e Q., the element Vu of {°°(Z) defined by ^ is limit- 
periodic and we have hnlly^ — {Vojlwen- 

These two lemmas show that a study of limit-periodic potentials can be carried out by 
considering potentials of the form (|5]l with a minimal translation T of a Cantor group Q 
and a continuous sampling function /. As shown for the first time in the context of limit- 
periodic potentials by Avila in [I J, it is often advantageous to fix Q. and T and to vary 



2.3. Periodic Sampling Functions, Potentials, and Schrodinger Operators. In this 
subsection we discuss the periodic case. For example, which sampling functions / e 
C(Q, R) give rise to periodic potentials for some or all {a>, T)l Moreover, what can then be 
said about the associated Schrodinger operators? 

Definition 2.6. Suppose Q. is a Cantor group and T . Q. ^ Q. is a minimal translation. We 
say that a sampling function f e C(Q, R) is n-periodic with respect to T if f(T"(io)) — f{pS) 
for every a> e D.. 

Proposition 2.7. Let f e C(n,R). ///(r"°+'"(wo)) = f(T"'icoi))) for some cjq e Q, some 
minimal translation T : Q — » f2 and every m e Z, then for every minimal translation 
r : Q — » Q, / ii n^-periodic with respect to T. 

Proof Let ^ : n ^ ^°°(Z), ipiu) = {f(T"(oS)))nez- Since T is minimal, the clo- 
sure of [T"{ioq) : n e Z} is Q. By Lemma |23] we have (^(Q) = hull((^(wo))- Since 
/(r"»+'"(wo)) = /(r'"(wo)) for any m e Z, hull((^(wo)) is a finite set. Then for any w € Q, 
(/(r"(w)))«ez is some element in hull((p(a>Q)). Since every element in hull(^(a;o)) is no- 
periodic, {f{T"(uj)))nez is no-periodic. This shows that / is no-periodic with respect to T . 
That is, we have f(T"o^"HLo)) = f(T"'(Lo)) for every w € Q and m € Z. 

Assume T is the minimal translation by coi and let t be another minimal translation 
by (L)2. By the previous analysis, we have /(w""^™ ■ = fico'" ■ w) for every m € Z and 
every w e Q. If a)2 is equal to Wj for some integer q, obviously we have f{t"°{<jj)) - 
fiicJ^)"" ■ u) — f(a)) for any at e £1. If not, since [oj" : n € Z} is dense in Q (this 
follows from the minimality of T), we have limi^^co w"' - coi, and then ficJ^ ■ - 
limt^eo /((w"')"" ■ lS) = f{u). The result foUows. □ 

The above proposition tells us that the periodicity of / is independent of T . Thus we 
may say / is n-periodic without making a minimal translation explicit. 

Next we recall from 1 1 1 how periodic sampling functions in C(Q, R) can be constructed. 
Given a Cantor group Q, a compact subgroup f2o with finite index (such subgroups can be 
found in any neighborhood of the identity element; see above), and / 6 C(Q, R), we can 
define a periodic /n„ e C(Q, R) by 



Here, denotes Haar measure on Qo. This shows that the set of periodic sampling 
functions is dense in C(Q, R). Moreover, as already noted in 1 1 1, there exists a decreasing 
sequence of Cantor subgroups ilk with finite index n^ such that {^Q.k - [e], where e is the 
identity element of Q. Let Pk be the set of sampling functions defined on Q./Q.it, that is, 
the elements in Pk are n^^ -periodic potentials. Denote by P the set of all periodic sampling 
functions. Then, we have P^ c P^+i (which implies n^ \ n^+i) and P = [JPic. 



/■ 
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Proposition 2.8. Let f be p-periodic. Then, for every w € £2, 

(6) L{E, T, f) = lim - log ||Aif ^'^V)!! 

= -logp(Af^'^\e)), 
P 

where p(A^p'^''^\e)) is the spectral radius ofA^p'^''^\e). In particular, if restricted to peri- 
odic sampling functions, the Lyapunov exponent is a continuous function of both the energy 
E and the sampling function. 



Proof. If / is /7-periodic, as in the proof of Proposition |2]71 for every oj, (/(r"(<jj)))„ez is 
some element of the orbit of ifiT"(e)))„ez, and so its monodromy matrix (i.e., the transfer 
matrix over one period) is a cyclic permutation of the monodromy matrix associated with 
f(T"(e)). Thus TrA^p'^'^\a)) is independent of w, and since det A*f'^'-''((y) - 1, we can 
conclude that the eigenvalues of A^p'^'^\a>) are independent of oj. So the logarithm of the 
spectral radius of A^p'^'^\a>) is independent of oj and (|6]l follows. The continuity statement 
follows readily. □ 

Lemma 2.9. Let /„ e C(Q, R) be a sequence of periodic sampling functions converg- 
ing uniformly to /oo 6 C(f2, R). Assume lim„^oo L(E, T, f,) exists for every E and the 
convergence is uniform. Then we have that L(E, T, /oo) coincides with lim„_>co L{E, T, f„) 
everywhere. 

Proof. Since lim„^a^ L{E,T,f„) exists everywhere, from |[l] Lemma 2.5], we have 
L(E,T,f„) L{E,T, foo) in L\^^^. So L(E,T, fcc) coincides with lim„^oo L{E,T, f„) al- 
most everywhere. From Proposition 12. 8 1 L{E, T,f„) is a continuous function, and by uni- 
form convergence, we have that lim„^co L{E, T, /„) is also a continuous function. Since 
L(E,T,fca) is a subharmonic function (cf. |6, Theorem 2.1]), we get that L(E,T,fco) - 
lim„^oo L(E, T, /„) for every E. The statement follows. □ 

To conclude this subsection on the periodic case, we state two lemmas. The first is well 
known and the second is [1 , Lemma 2.4]. 

Lemma 2.10. Let f e C(Q, R) be p-periodic. 

( i) . The spectrum ofH'^^ is purely absolutely continuous for every co e D. and 2(/) is made 
of p bands (compact intervals whose interiors are disjoint). 

(ii) . 5:(/) = {£€R:L(£,r,/) = 0}. 



Lemma 2.11. Let f e C{Q, R) be p-periodic. 

(i) . The Lebesgue measure of each bandof1,(f) is at most y. 

(ii) . Let C > I be such that far every E E 2(/), there exist w e Q and k > I such that 
\\Af'^'^\co)\\ > C. Then, m)\ < ^. 

3. Proof OF THE Theorems 

Assume Q and T are given. For convenience, we write A^f '-^'(w) - aI^'^'^\cij), A^^'-^ - 
A^^'-^'^\e), and L(E,f) = L(E,T,f). Since T : Q — > Q is a minimal translation, the 
homomorphism Z ^ Q, « — > T"e is injective with dense image in Q, and we can write 
f(n) = f(T"(e)) without any conflicts. 

We need two more lemmas before proving our theorems. More precisely, we will make 
further use of the constructions which play central roles in the proof of these two lemmas. 
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Lemma 3.1. Let B be an open ball in C(Q, R), let F d P C\B be finite, and letO < e < 1. 
Then there exists a sequence Fk <Z P H B such that 

(i) . L(E, AFk) > whenever s<\A\< e-\ £ 6 R, 

(ii) . L{E, AFk) L(E, AF) uniformly on compacts (as functions of(E, A) 6 M?). 
This is IT] Lemma 3.1]. As in [1], we use the notation 

where F is a finite family of sampling functions (with multipUcities!) and /I e R. The proof 
of this lemma is constructive. We will describe this construction explicitly in the proof of 
Theorem |1.3| for the reader's convenience. 

Lemma 3.2. Suppose B is an open ball in C(Q., R) and F <z P B is a finite family of 
sampling functions. Then for every N > 2 and K sufficiently large, there exists F ^ c Pk^B 
such that 

(i) . L(E, AFk) — * L(E, AF) uniformly on compacts (as functions of(E, A) e M?). 

(ii) . The diameter ofFK is at most n"^^^. 

This lemma is a variation of Uj Lemma 3.2 ]. We will prove this lemma using suitable 
modifications of Avila's arguments. Some of these modifications, which will later enable 
us to prove the Gordon property, are not apparent from the statement of the lemma. We 
will give detailed arguments for the modified parts of the proof and refer the reader to [[1] 
for the parts that are analogous. 

Proof of Lemma [Ol Assume that F = {fi, fi, ■ ■ ■ , fm] c C(Q,R)is a finite family of n^- 
periodic sampling functions with n^ > 2, and let A" > ^ be large enough. We construct F'^r 
as follows. Let nK - mn^r + d, < d < mn^ - 1. Let Ij - [jn^, (j + l)nk - 1] c Z and let 
- jo < Ji < • ■ • < jm-i < Jm - rtK/nk be a sequence such that - ji = r + 1 when 
< / < d/nit and - j, = r when d/nj; < i < m - I. Define an nA:-periodic / as follows. 
For < Z < Ha: - 1, let j be such that I e Ij and let / be such that < j < ji and then let 
/(O - fi(l)- Next, for any sequence f-(ti,t2,-.-, fm) with f; e {0, 1, . . . , r - 1), we define 
an n^-periodic fj^ as follows. If j = ji - 1 for some 1 < / < m, we let /j^(0 - fil) + r^^U, 
and if ; = - 2, we let f^^il) - fil) + r'^t^. Otherwise we let /^(O = f{l). Let F'^ 
be the family consisting of all /j^'s. The statement (ii) is clear for large K. (Note: in [Ij, 
Avila's construction is such that if j - ji - 1 for some 1 < / < m, then fl^il) - fif) + r~^^ti\ 
otherwise, /|(0 = /(/).) 

For fixed E and A, we let A^^^^'"^ = CC-^^B*"') ... C*" where = 
{/^'f^^)j.-j.-^-\ 1 < / < m - 1 and = (A(f-'^">)^"-^-.-2, and CC"" = AZ'^'^'-'f-K 1 < 

/ <m-\ and C''""™' = A^^''^-''"''a5,^ When E and A are in a compact set, the norm 

of the C'^'"'*-type matrices is bounded as r grows, while the norm of the B*'*-type matrices 
may get large. 

Notice that our perturbation here is r^'^t (as opposed to Avila's r"^"? perturbation in lU 
Lemma 3.2 ]), so [1 , Claim 3.7] should be replaced by the following version: 

"Let Sj be the most contracted direction of B'-'* and let Uj be the image under B^^^ of the 
most expanded direction. Call t y-nice, \ < j < d, '\i the angle between C^''''uj and S j+i 
(less than n) is at least r^^'^ with the convention that j+1 = 1 for j - d. Let r be sufliciently 
large, and let the y'-nice. If z is a non-zero vector making an angle at least r with sj. 
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then z = C'-j'^B'-'h makes an angle at least r^^^ with S j+i and ||z'|| > ||BW||r--'*^||z||." 
The proof of 0] Claim 3.7] can be applied to get the above version of the claim with the 
corresponding quantitative modification. Moreover, we have also made a little shift in the 
perturbation, so CC-'"' = A^f ''^"Uif"''''"^'"'-'-^"^ while Avila's C('""'"> = j^iE-Ar^af,,,) _ ^ 
Claim 3.8] still holds, but Avila's proof of |[1] Claim 3.8] cannot be appUed directly. To 
this end we prove the following claim: 

Claim 3.3. For any M e SL(2, R), there are m\,m2 € (0, oo) with the following property. 
Suppose A and B are two vectors in R^, and AO is the angle between A and B with < 
AO < n. Let AO be the angle between MA and MB (again so that Q < AO < n). Then, 
my AO < AO < m2A0. 

Proof. By the singular value decomposition (see ifTTl Theorem 2.5.1]), there exist 0\ and 
O2 in SO(2,/?) such that M - O1SO2, where 5 is a diagonal matrix. Since Oi and O2 are 
rotations on R^, it is sufficient to consider 



Pi 

1 



yU-' 



Without loss of generality, assume pi > I. Let A = (a,by it denotes the transpose of 
vectors) and B - (c, d)' be two normalized vectors, and let Oa and Ob be the argument of A 
and the argument of B respectively. Let A - SA = {ap\,blp\y with the argument 0^ and 
B - SB - (cpi,d/piy with the argument 0^. 

We adopt the following notation for convenience. Let /, IIJIIJV denote one of two 
vectors in the first quadrant (including {(x, 0) : x > 0)), the second quadrant (including 
{(0,3') : y > 0)), the third quadrant (including {(x,Q) : x < 0]) and the fourth quadrant 
(including {(0, y) ■ y < 0)), respectively. Then (/, /) denotes that both two vectors are in the 
first quadrant, (/, //) denotes that one vector is in the first quadrant while the other is in the 
second quadrant, and so on. 

We will need the following observation: 

tan O2 O7 
(7) < 01, 02 < 7T/2 and tan 6*1 > — => Oi > -A;. 

p\ Ap\ 

Indeed, since tan 0\ > -K tan Oo > 7r^02 and < < 1, we have 

O2 O2 02 1 02 s 

01 > arctan = t% - (t%)'/3 + O(k^f) > 

M 2p\ 2p\ 2p\ Ap\ 



For the proof of Claim [33l we consider two cases. 

Case 1. jt/2 < AO < 7T. Here A and B cannot be in the same quadrant. Notice that 
the impact of S on vectors is to move them closer to the x-axis and keep them in the 
same quadrant. Thus, for the subcases (/, //), (/, ///), (//, IV) and (///, IV), we can easily 
conclude that A0/2 < A0 < 2A0. There are two subcases left, (/, IV) and (//, ///). We 
will discuss (/, IV); the method can be readily adapted to (//, ///). For (/, IV), if Oa =0 
and Ob - 37r/2, then 0^ and 0g are also and 37r/2 respectively, and so A0 = A0; if not, 
without loss of generality, assume that A is in the first quadrant with n/A < Oa < jt/2, then 
tan0j = A = and by ^, we have 



A0 > 0^- > — ^ > 



A0 



Ap\ \6p\ 

(Oa > AO/4 since Oa > n/A) and then ^ < A0 < 2A0. 
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Case 2. < AS < 7r/2. In this case, (/, ///) and (//, IV) are impossible. We will divide the 
following proof into three parts. 

(1) . We discuss (/, /) here; the argument may be readily adapted to (//, //), (///, ///), and 
(IV, IV). Without loss of generality, assume A9 - Qa- Ob, then we get 

_ ^i]{bc - ad) tan AS 
tan A6» = ^ -. > — ^, 

bd + fi^ac fij 

and by we get ^ < A6. Similarly, we will get A6 < Aji^AO since tan AO < fij tan A^, 
and so ^ < A0 < 4u?A6' follows. 

(2) . We discuss (/, IV) here; an adaptation handles (//, ///). Without loss of generality, 
assume 6a > A6/2. Obviously, we have AO < AO. Conversely, we have < AO (it is 

essentially the same as (/, IV) in Case 1), and so < AO < AO follows. 

(3) . We discuss (/, //) here, and the method can be applied to (///, IV). Obviously, we 
have A^ < AO. Without loss of generality, assume that A is in the first quadrant and makes 
an angle hA with the y-axis and that B is in the second quadrant and makes an angle Itb 
with the y-axis. Clearly, AO - Iia + hg. Let /i^ and hg be the angle between the y-axis 
and A and the angle between the y-axis and B, respectively. By (|7]l, we conclude that 
Iia < 4-fi^hA since tan/z^ = jUj tan/i^. Similarly, we get < A/u^hs. So it follows that 
AO<AO^hA+hg< An\{hA + hg) = Ah\AO. 

Through the above analysis, we see that < AO < \6^\A0, concluding the proof of 
ClaimO ' □ 



By this claim, we can modify the last paragraph of the proof of 1 1 , Claim 3.8] as stated 
below and then our lemma follows. 

"If r sufficiently large, we conclude that for every < Z < r - 2, there exists a rotation 
R,j of angle Oj with r^^-sw < q. < ^-0.3^ ^^^.j^ jj^^j c*'+''''^*M; = RijC^''''^Uj. It immediately 

follows that there exists at most one choice of < f,, < r - 1 such that C^''''''^Uj has angle 
at most with Sj+\, as desired." 

We would like to explain how to obtain the statement described in the paragraph above. 
If r is sufficiently large, it is not hard to conclude that for every < / < r - 2, there 

exists a rotation Ri j of angle Oj with r < Oj < r such that A„j. ' uj - 

{E-Ar^ UAfi .) 

Ri,jA„i, ' Uj. If id - m, we have 



/ox r('+l.™),> - AE,Vn,)AE-Ar-''(MUf,„) 

_ AE-Ar-''(l),AU),. 

Since Ai,^'"^^'"' e SL(2, R) is independent of r, we can apply Claim [373] to (O so that we have 



rC+l."),, - a(E,V^)r AiE-Ar-^dXAf,,,),, 
_ p AE,Af„).(E-Ar-''(l).Af,„) 

where Ri^,„ is a rotation of angle 0,„ with r^^-^^ < 0,„ < r^'^-^^. Then the above paragraph 
follows. □ 
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Recall the definition of a Gordon potential given in Definition 11.41 The importance 
of Gordon potentials lies in the following lemma, which (in a slightly weaker form) first 
appeared in lfT2l . 

Lemma 3.4 (Gordon Lemma). Suppose V is a Gordon potential. Then the Schrodinger 
operator with potential V has no eigenvalues. 

Now we can give the 

Proof of Theorem \1.3\ Given a /7o-periodic / € C(Q., R) and < eo < 1, consider Bs„{f) c 
C{Q., R). (We will work within this ball. The denseness of periodic potentials then implies 
the denseness of our constructed limit-periodic potentials.) Let from Lemma [T2] be 2. 
Let El - 1^. By Lemma [TTl there exists a finite family Fi - {/i,/2, . . ./„,, ) of /:> i -periodic 
sampling functions such that c Bg^if) and L{E,AFi) > 6i for some < <5i < 1 
whenever si < < ^ and £ e R (note that L{E,Afi) > 1 if l^l > \\Afi\\ + 4). Our 
constructions start with F] and we will divide them into several steps. 
Construction 1. First, we will apply Lemma [TT] to F\ in order to enlarge the range of 
/I's. Let £2 - iiliil^Al Then, there exists a finite family of pi -periodic potentials F\ - 
[fx Ji,..., fih, } c B^,(f) such that 

L(E,AFi) > Si 

for some <Si < I whenever Ve2 < I'^l < E eR, and 

(9) \L{E,AFi)-LiE,AFi)\<j 

whenever \E\ < ^ and \A\ < ^. 

Explicitly, the construction of Fi follows from the proof of [1, Claim 3.1]. For very 
large pi > pi (it must obey pi\pi), choose Afi(pi) such that if \E\ < ^, \A\ < ^, f, e Fi 

and a pj-periodic potential / which is jj^j^^ close to fj then \L(E, Af) - L(E, Afi)\ < ^, 
since the Lyapunov exponent is continuous for periodic potentials (see Proposition l2.8l ). 

For 1 < j < 2pi + I, we define /?i-periodic potentials by f^''^\n) - fi(n), Q < n < 
pi -2 and p'^\pi - I) - Mpi - 1) + j/^)- By III] Claim 3.4], there exists ;'o such that 
the spectrum of /^'■J"'' has exactly pi components, that is, all gaps of its spectrum are open. 
For convenience, we write = f('M^ go there exists h - h(Fi, pi,S2) > such that for 
any /]■ e Fi and E2 < \A\ < ^, 2(/i/''') has pi components and the Lebesgue measure of 
the smallest gap is at least h. Choose an integer N2(p\) with Niipx) > 

ForO < I < A^2(pi), let = P + T^^WApTy ThenFi is just the family obtained by col- 
lecting the for different /;• E andO < / < A^2(/?i)- OrderFi as Fi ^ {fi, fi, ■ ■ ■ Jm,} 
such that fi - and /j,, = We can also assume that Niipi) was chosen large 

enough, so that we have - /ill = siPi'napi) ^ ^/-^ ^^^^^ ^^^^ used to conclude that 
our limit-periodic potentials are Gordon potentials). 

Construction 2. Applying Lemma [T2l to Fi, there exists a finite family of p2-periodic 
potentials F2 = {/j' , /j", ■ ■ ■ , /z"" ) such that 

F2 c Bp-2 c B,^ c B,„(/) 

and 

L(E,AF2)>62 
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for some < ^2 < 1 whenever E2 <\A\< — and £ e R, and 

(10) \L{E,AF2)-L{E,AFi)\<^ 

whenever \E\, \A\< From (|9]l and (fTOl i. we have 

\L{E,AF2)-L{E,AFi)\<e2 

for|£|, \A\<^^. 

Explicitly, we construct F2 as follows (cf. the proof of Lemma [3721 ). Let p2 large and 
P2 - m\p\r2 + d, < d < rhipx - 1. Let Ij - [jp\,ij + l)p\ - 1] c Z and let = jo < 
ji < ■ ■ ■ < jffn-i < jfhi = I7 be a sequence such that - ji - r2 + I when Q < i < d/pi 
and ji+i - ji - r2 when d/pi < i < iitipx - 1. Define a /72-periodic potential /2(/) for 
< / < /?2 - 1 as follows. Let j be such that I e Ij and let ; be such that < /' < j, 
and let f2(l) = fi(l). For any sequence t - (/i, f2, . . . , fm,) with f,- e {0, 1, . . . , r2 - 1), let 
be a p2-periodic potential defined as follows. Let Q < I < p2 - I, and let j be such that 
/ 6 Ij. If j - ji - 1 for some 1 < / < mi, we let /2(0 - fiil) + r'^'^ti, and j = yVii - 2 then 
/2'(0 = fiil) + '"2'^fmi- Otherwise we let f^il) - /2(0- Let p2 be sufficiently large so that 
p-2<l/3. 

Moreover, we can estimate the Lebesgue measure of the spectrum. For any £ € R and 
82 <\A\ < ^, we can find fi E Fi such that L(E, Afi) > 61 since L(E, AFi) > 5i . If r2 large 

enough, we have ||A^'^'''{i^- 11 > e^'^''-^^^^' . Then we have 

Since E is arbitrary, we can apply Lemma l2.11l to conclude that the total Lebesgue measure 
of Y.i^Af!^) is at most 47r;?2e"^'''^^"^^^' < £^''"'2' when r2 sufficiently large. (Here /j' can be 
any element from f 2.) 

Construction 3. Repeating the above procedures. Once we have constructed c 
Bp-v-i) c B£,_,, by Lemma [STl we can get a finite family of /5,_i -periodic potentials 

c satisfying the following. Let e, - """'"''q'^'"'' , and we have 

UE,AFi^i)>6i-i 
for some < < 1 whenever Ve,- < |/1| < ^ and £ e R, and 

|L(£,^F,_i)-L(£,^F,_i)| < I 

whenever \E\ < j and \A\< ^. 

Next, as in Construction 2, we will get a finite family of /7,-periodic potentials which 
satisfies the following (here our perturbation is rr'^'f = rj^'t, f e {0, 1, 2, . . . , r, - 1}). 

(i). L{E, AFi) > Si for some < (5, < 1 and all £ € R and e, < ^ < sr' . 

(11) . |L(£, ^F,) - L(£, ^F,-i)| < Ei, for |£| < J- and ^ < 

(iii) . Fi c B^-/ c Be. c B^, , c B£„(/), / > 2. (Note: may not be in B^, .) 

(iv) . 'iff e Fi, \l.{Aff)\ < e-P'-'P''^ when e,- < |^| < eJ^ (here | ■ | denotes the Lebesgue 
measure). 

(v) . pT' < i(/ - 1)"'''-' since we can let /:>, be sufficiently large. 

(vi) . Ilf'' - f''"' II = - — r < \{i - ly''-' . Here N2{pi-\) appears as in Construction 1, 
and we can ensure that this inequality holds since is fixed while N2ipi~i) can be taken 
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as large as needed. 

Then we will get a limit-periodic potential /k, e B^^if), whose Lyapunov exponent is 
a positive continuous function of energy E and the Lebesgue measure of the spectrum is 
zero (Lemma [2.91 implies that L{E,Af') — » L{E,Afco))- Moreover, we have the following 
two claims. 

Claim 3.5. is a Gordon potential. 

Proof. Let q, - pi. Obviously, ^, — > oo as / ^ oo. For i > 1, we have 

max \focin) - f^{n + qi)\ < |/oo(n) - f'il^(n)\ + |/oo(n + qd - fll^in + qi)\ 

+ l./i'll(«)-/i'll(«±*-)l 

, -(i+i) , -(/+1) , 4;r 
^Pm +Pm + 



Si+iPiNiipd 

< i^-ii)-'-'^ + i(/r^' 

< r* . 

So foo is a Gordon potential. (Here /^'jj is an element of n 
Claim 3.6. 2(/l/oo) has zero Hausdorff dimension for every A ^ 0. 

Proof. Let A Q and < o- < 1 be given. Without loss of generality, assume A > 0. 
Choose Harge enough so that £/ < A< l/s,and 1/i < a. For every /j'' € F,, P/c« < 
Ap;' impUe^dist(2;(/l/oo),2;(/l/:'')) < Apv'. Since Aff' is p,-periodic, we have 

Pi 

mfh = [J^^"'^^ 

z=l 

where /f'''^ = [a„ b,] is a closed interval. 

Let /f'-'' = [a^ - Ap-', b, + Apr'] and since dist(E(^/oo), nAf-')) < Apj', we have 

Pi 

s(^/o<,)cy/p. 

z=l 

Moreover, b~ - a, < e^P'-'^i' since |S(/l/j.'')| < e^P'-'Pi' . Then we have 

Pi 



h^i^iAf^)) < lim Vie-P^-'P^ + lApjr 



= Hm pi{e-P^-'P> ' + 2ApjT 
= lim(/?;^"e-^'->'''" + 2^/?:''+'^")" 
Since 1// < o-, we have -/ + 1/a <Q, and it follows that 



lim(;?;^"e-'^'-"V + lApT'^"")" = 0. 



^It is well known that for V.W : Z ^ R bounded, we have dist((T(A + V),cr{A + W)) < \\V - W\\oo, where 
dist(A, 6) denotes the Hausdorff distance of two compact subsets A, B of R. 
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So we have h" (L(Afcx,)) = (note: when i ^ oo, A belongs to (e,, ^) for all ; large enough 
since this interval is expanding). So the HausdorfF dimension of the spectrum is less than 
a. Since a was arbitrary, the Hausdorff dimension must be zero. □ 

This implies all the assertions in Theorem 1 1 . 3 l except for the absence of eigenvalues for 
every ll). Given the Gordon Lemma (see Lemma |3r4l above). this last statement will follow 
once Theorem |1.5| is established. □ 

Remark 3.7. Since 6; < ^,_i/10, / > 1, it is true that when s; < \A\ < j, L(E, Af^) > 
for any £ € R. This gives information about the range of the Lyapunov exponent on certain 
intervals. Clearly, 6i — > when i — > oo since the Lyapunov exponent will go to zero when 
A goes to zero. 

Proof of Theorem U .5\ Let to - e first. Relative to any minimal translation f, the selected 
/ in the proof of Theorem |1.3| is still no-periodic by Proposition |2]7] so we can start with 
the same ball Bg^if) and choose the same periodic potentials in Bsgif). Then we get the 
same foa- For the finite family Fj from Construction 3, though the Lyapunov exponent may 
change, the following properties hold (note that \\fl' \\ does not change). 

(i) . Fi c Bp-: c B,, c B,„(/). 

(ii) . p7'<i(/-l)-'Vi. 

(iii) . ii/f -/f"ii <?('-ir'-'- 

Then Claim |33] holds true, and so f{T"(e)) is a Gordon potential. For arbitrary oj, if we 
repeat the same procedures, (i) — (iii) above still hold as stated (since none of them are 
related to w), and Theorem U. SI follows. □ 



References 

[1] A. Avila. On the spectrum and Lyapunov exponent of limit periodic Schrodinger operators, Commun. 

Math. Phys. 288 (2009), 907-918 
[2] J. Avron, B. Simon, Almost periodic Schrodinger operators. I. Limit periodic potentials, Commun. Math. 

Phys. 82(1981), 101-120 

[3] R. Carmona and J. Lacroix, Spectral Theory of Random Schrodinger Operators, Birkhauser, Boston, 
1990 

[4] V. Chulaevsky, Perturbations of a Schrodinger operator with periodic potential, Uspekhi Mat. Nauk 36 
(1981), 203-204 

[5] V. Chulaevsky, Almost Periodic Operators and Related Nonlinear Integrable Systems, Manchester Uni- 
versity Press, Manchester, 1989 
[6] W. Craig, B. Simon, Subharmonicity of the Lyapunov index, Duke Math. J. 50 (1983), 551-560 
[7] D. Damanik, Z. Gan, Spectral properties of limit-periodic Schrodinger operators, to appear in Discrete 
Contin. Dyn. Syst. Ser S 

[8] D. Damanik, Z. Gan, Limit-periodic Schrodinger operators with uniformly localized eigenfunctions, 
Preprint (arXiv: 1003. 1695) 

[9] D. Damanik, A. Gorodetski, The spectrum of the weakly coupled Fibonacci Hamiltonian, Electron. Res. 

Annoimc. Math. Sci. 16 (2009), 23-29 
[10] D. Damanik, A. Gorodetski, Spectral and quantum dynamical properties of the weakly coupled Fibonacci 

Hamiltonian, Preprint (arXiv:1001.2552) 
[11] G. Golub, C. van Loan, Matrix Computations (2nd Ed.), Johns Hopkins University Press, Baltimore, 

(1989) 

[12] A. Gordon, On the point spectrum of the one-dimensional Schrodinger operator, U.sp. Math. Nauk. 31 
(1976), 257-258 

[13] S. Molchanov, V. Chulaevsky, The structure of a spectrum of the lacunary-limit-periodic Schi'odinger 
operator, Functional Anal. Appl. 18 (1984), 343-344 



14 



D. DAMANIK AND Z. GAN 



[14] L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators, Springer- Verlag, Berlin, 
1992 

[15] L. Pastur, V. Titachenko, On the spectral theory of the one-dimensional Schrodinger operator with limit- 
periodic potential, Soviet Math. Dokl. 30 (1984), 113-116 

[16] L. Pastur, V. Tkachenko, Spectral theory of a class of one-dimensional Schrodinger operators with limit- 
periodic potentials, Trans. Moscow Math. Soc. 51 (1984), 115-166 

[17] J. Poschel, Examples of discrete Schrodinger operators with pure point spectrum, Commun. Math. Phys. 
88 (1983), 447^63 

[18] C. Rogers, Hausdorff Measure, Cambridge University Press, London, (1970) 

[19] B. Simon, EquiUbrium measures and capacities in spectral theory. Inverse Probl. Imaging 1 (2007), 713- 
772 

Department of Mathematics, Rice Universtty, Houston, TX 77005, USA 
E-mail address: damanik@rice.edu 
URL: www . ruf . ri ce . edu/ ~dtd3 

Department of Mathematics, Rice Universfty, Houston, TX 77005, USA 
E-mail address: zheng . ganOrice . edu 
URL: math.rice.edu/~zg2 



